Semigroup Representations of the Poincaré Group and Relativistic Gamow Vectors by Böhm, A et al.
Semigroup Representations of the Poincare´ Group and Relativistic Gamow Vectors.
A. Bohm, H. Kaldass and S. Wickramasekara
Department of Physics, University of Texas at Austin
P. Kielanowski
Departamento de F´ısica, Centro de Investigacio´n y de Estudios Avanzados del IPN, Mexico City
(November 10, 1999)
Gamow vectors are generalized eigenvectors (kets) of self-adjoint Hamiltonians with complex
eigenvalues (ERiΓ/2) describing quasistable states. In the relativistic domain this leads to Poincare
semigroup representations which are characterized by spin j and by complex invariant mass square




. Relativistic Gamow kets have all the properties required to describe
relativistic resonances and quasistable particles with resonance mass MR and lifetime ~/ΓR.
I. INTRODUCTION
Following Wigner [1], an elementary relativistic quantum system, an elementary particle with mass m and spin s
is in the mathematical theory described by the space of a unitary irreducible representation (UIR) of the Poincare
group P . From these UIR, the relativistic quantum elds are constructed [2]. More complicated relativistic systems are
described by direct sums of UIR (for \towers" of elementary particles) or by direct products of UIR (for combination
of two or more elementary particles). A direct product of UIR may be decomposed into a continuous direct sum
(integral) of irreducible representations [3,4]. The UIR are characterized by three invariants (m2, j, sign(p0)), where j
represents the spin and the real number m represents the mass of elementary particle (we restrict ourselves here to
sign(p0) = +1).
The UIR of the Poincare group P describe stable elementary particles (stationary systems). The vast majority of
elementary particles are unstable and UIR provide only a more or less approximate description of them. The meaning
of unstable elementary particles, in particular in the relativistic domain, has always been a subject of debate. This has
recently flared-up in connection with the line shape analysis of the Z-boson, where one has diculties to agree upon
a denition of resonance mass m and width Γ. Going back to Wigner’s denition of fundamental relativistic particles
we want to present here a special class of (non-unitary) semi-group representations of P which describe quasistable
relativistic particles.
Phenomenologically, one always takes the point of view that resonances are autonomous quantum physical entities,
and decaying particles are no less fundamental than stable particles. Stable particles are not qualitatively dierent
from quasistable particles, but only quantitatively by a zero (or very small) value of Γ. Therefore both stable and
quasistable states should be described on the same footing. This has been accomplished in the non-relativistic case,
where a decaying state is described by a generalized eigenvector of the (self adjoint, semi-bounded) Hamiltonian with
a complex eigenvalue zR = ER − iΓ/2 [5] and exponential time evolution, called Gamow vectors. The stable state
vectors with real eigenvalues ES are the special case with Γ = 0.
II. GAMOW VECTORS
In the standard Hilbert space formulation of quantum mechanics, such Gamow vectors can not exist and one has
to employ a formulation based on the Rigged Hilbert Space (RHS) [6]. Dirac’s bras and kets are, mathematically,
generalized eigenvectors with real eigenvalues, and Gamow vectors are generalizations of Dirac kets. They are described
by kets ψG  jz−Ri
p
2piΓ with complex eigenvalue zR = ER − iΓ/2, where ER and Γ are respectively interpreted as
resonance energy and width. Like Dirac kets, the Gamow kets are functionals of a Rigged Hilbert Space :
+  H  + : ψG 2 +, (1)
and the mathematical meaning of the eigenvalue equation Hjz−Ri = (ER − iΓ/2)jz−Ri is:
hHψjz−R i  hψjHjz−Ri = zRhψjz−R i for all ψ 2 +. (2)
1
The conjugate operator H of the Hamiltonian H is uniquely dened by the rst equality in (2), as the extension of
the Hilbert space adjoint operator Hy to the space of functionals +
1; on the space H, the operators H and Hy
are the same.
The non-relativistic Gamow vectors have the following properties:
1. They have an asymmetric (i.e., t  0 only) time evolution and obey then an exponential law:
ψG(t) = e−iH
×t
+ jER − iΓ/2−i = e−iERte−Γt/2jER − iΓ/2−i, only for t  0. (3)
There is another Gamow vector ~ψG = jER + iΓ/2+i 2 −, and another semigroup e−iH
×t
− for t  0 in another
RHS −  H  − (with the same H) with the asymmetric evolution
~ψG(t) = e−iH
×t
− jER + iΓ/2+i = e−iERteΓt/2jER + iΓ/2+i, only for t  0. (4)
2. The ψG ( ~ψG) is derived as a functional at the resonance pole term located at zR = (ER − iΓ/2) (at zR =
(ER + iΓ/2)) in the second sheet of the analytically continued S-matrix.






E − (ER − iΓ/2) , −1II < E <1, (5)
where −1II means that it extends to −1 on the second sheet of the S-matrix (whereas the standard Breit-
Wigner extends to the threshold E = 0).
We want to present here a generalization of these non-relativistic Gamow vectors to the relativistic case.
In the non-relativistic case the inclusion of the degeneracy quantum numbers of energy, i.e., the extension of the
Dirac-Lippmann-Schwinger kets
jEi = jEi+ 1
E −H  i0V jEi = Ω
jEi
H jEi = EjEi; (H − V )jEi = EjEi (6)
to the basis of the whole Galilei group is trivial.
For the two particle scattering states (direct product of two irreducible representations of the Galilei group [7]) one
uses eigenvectors of angular momentum (jj3) for the relative motion and total momentum p for the center of mass
motion. Thus
jEtotpjj3(l, s) i = jpi ⊗ jEjj3 i (7)
where Etot = p
2
2m + E (the Hamiltonian in (6) is H = H
tot − P 22m ).
The center-of-mass motion is usually separated by transforming to the center-of-mass frame and then ignoring the
center-of-mass motion
jp = 0i ⊗ jEjj3 i ! jE, jj3 i .
For the vector in (6) one then uses the generalized eigenvectors of H and of angular momentum
jEi = jEjj3 i 2   H   (8)
with
HjEjj3 i = EjEjj3 i, 0  E <1 . (9)
1For (essentially) self adjoint H , Hy is equal to (the closure of) H ; but we shall use the denition (2) also for unitary operators
U where U is the extension of Uy, but not of U .
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The vectors (8) are the Dirac-Lippmann-Schwinger scattering states and E runs along the cut on the positive real
axis of the 1-st sheet of the j-th partial S-matrix. The proper eigenvectors of H with E = −jEnj at the poles on the
negative real axis of the 1-st sheet are the bound states jEnjj3i. By the Galilei transformation one can transform
these vectors (8) to arbitrary momentum p; E and p are not intermingled by Galilei transformations.
To obtain the non-relativistic Gamow kets one analytically continues the Dirac-Lippmann-Schwinger ket (8) into
the second sheet of the j-th partial S-matrix to the position of the resonance pole jzR = ER − iΓ/2, j, j3 −i and
obtains the following representation [5]:
jzR = ER − iΓ/2, j, j3 −i = i2pi
Z +1
−1II
dEjE, j, j3 −i 1
E − zR . (10)
A Galilei transformation can boost this Gamow ket to any real momentum p
jp, zR, jj3 −i = U(p)j0i ⊗ jzRjj3 −i.
Complex momenta cannot be obtained in this way since the Galilei transformations commute with the intrinsic energy
operator H .
III. POINCARE´ GROUP REPRESENTATIONS WITH FOUR VELOCITY BASIS
In the relativistic case the Lorentz transformation { in particular Lorentz boosts { intermingle energy Etot = p0
and momenta pi, i = 1, 2, 3. Thus if energy and/or mass were complex, this would also lead to complex momentum.
To restrict the unwieldy set of Poincare group representations with complex momenta we will consider a special class
of \minimally complex" irreducible representations of P to describe relativistic resonances and decaying elementary
particles. Our construction will also lead to complex momenta pµ, but in our case the momenta will be \minimally
complex" in such a way that the 4-velocities p^µ  pµm remain real. This construction was motivated by a remark of
D. Zwanziger [8] and is based on the fact that the 4-velocity eigenvectors jp^j3(mj)i furnish as valid a basis for the
representation space of P as the usual Wigner basis of momentum eigenvectors jpj3(m, j)i. This means every state
φ 2   H(m, j)   of an UIR (m2, j), (where  denotes the space of well-behaved vectors and  the space of







jp^, j3ihj3, p^jφi (11)











1 + p^2 . (12)
As a consequence of (12), the δ-function normalization of these velocity-basis vectors is
hξ, p^ j p^0, ξ0i = 2p^0δ3(p^− p^0) δξξ′ = 2p0m2δ3(p− p′) δξξ′ . (13)
Here, jp^, j3i 2  are the eigenkets of the 4-velocity operator P^µ = PµM−1 and jφj3(p^)j2 = jhj3p^jφij2 represents
the 4-velocity distribution of the vector φ. The 4-velocity eigenvectors are often more useful for physical reasoning,
because 4-velocities seem to fulll to rather good approximation \velocity super-selection rules" which the momenta
do not [9]. Their use as basis vectors of the Poincare group representation (11) does not constitute an approximation.
The relativistic Gamow vectors will be dened, not as momentum eigenvectors, but as 4-velocity eigenvectors in
the direct product space of UIR spaces for the decay products of the resonance R. We want to obtain the relativistic
Gamow vectors from the pole term of the relativistic S-matrix in complete analogy to the way the non-relativistic
Gamow vectors were obtained [5]. In the absence of a vector space description of a resonance, we shall also in the
relativistic theory dene the unstable particle by the pole of the analytically continued partial S-matrix with angular
momentum j at the value s = sR  (MR − iΓR/2)2 of the invariant mass square variable (Mandelstam variable)
s = (p1 + p2 +   )2 = E2R−p2R, where p1, p2,. . . are the momenta of the decay products of R [10,11]. This means that
the mass MR and lifetime ~/ΓR of the complex invariant mass wR = (MR − iΓR/2) = psR, in addition to spin j, are
the intrinsic properties that dene a quasistable relativistic particle 2.
2Conventionally and equivalently one often writes
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for any (m1 +m2)2  w2 <1 j = 0, 1, . . .
in the direct product space of the decay products of the resonance R







where w2 = s, the Mandelstam variable dened above. For simplicity, we have assumed here that there are two decay
products, R ! pi1 + pi2 with spin zero, described by the irreducible representation spaces Hpii(mi, si = 0) 3 of the
Poincare group P .
The kets jp^j3wji are eigenvectors of the 4-velocity operators
P^µ = (P 1µ + P
2
µ)M
−1, M2 = (P 1µ + P
2
µ)(P













and w2 = s. (17)
In (14) jp^1p^2[m1m2]i = jp^1m1i ⊗ jp^2m2i is the direct product basis of H which are eigenvectors of P^ iµ, the 4-velocity





To obtain the Clebsch-Gordan coecients hp^1p^2[m1,m2]jp^j3(wj)i in (14), one follows the same procedure as given
in the classic papers [3,4,12,13] for the Clebsch-Gordan coecients for the Wigner (momentum) basis. This has been
done in [14]. The result is
hp^1p^2[m1,m2]jp^j3(wj)i = 2E^(p^)δ3(p− r)δ(w − )Yjj3 (e)µj(w2,m21,m22) (18)
with 2 = r2 = (p1 + p2)2, r = p1 + p2,
where µj(w2,m21,m
2
2) is a function that xes the δ-function \normalization" of jp^j3(wj)i. The unit vector e in (18) is
the three component of L−1(r)q, where q is the unit space like vector in the 2-plane dened by p1, p2 and orthogonal
to r [13]. In the c.m. frame the direction of e is p^cm1 = −m2m1 p^
cm
2 .
The normalization of the basis vectors (14) is chosen to be
hp^0j03(w0j0)jp^j3(wj)i = 2E^(p^)δ(p^0 − p^)δj′3j3δj′jδ(s− s0) (19)
where E^(p^) =
p
1 + p^2 = 1w
p
w2 + p2  1wE(p, w).
This determines the weight function µj(w2,m21,m
2
2) to be

























its width. We will see below that
MR is the mass and ~/ΓR, not ~/Γρ, is the lifetime.
3Though our discussions apply with obvious modications to the general case of
1 + 2 + 3 +    ! Ri ! 10 + 20 + 30 +    ,







where λ is dened by [12]
λ(a, b, c) = a2 + b2 + c2 − 2(ab+ bc+ ac). (21)
The basis vectors (14) are the eigenvectors of the free Hamiltonian H0 = P 10 + P 20
H0 jp^j3(wj)i = Ejp^j3(wj)i, E = w
q
1 + p^2 =
q
s(1 + p^2). (22)
The Dirac-Lippmann-Schwinger scattering states are obtained, in analogy to (6) (cf. also [2] sect. 3.1) by:
jp^j3(wj)i = Ωjp^j3(wj)i (23)






w −H  iV

j0j3(wj)i. (24)
They are eigenvectors of the exact Hamiltonian H = H0 + V
H j0j3(wj)i =
p
sj0j3(wj)i, (m1 +m2)2  s <1. (25)
The basis vectors jp^j3(sj)i of the UIR (s, j) are obtained from the basis vectors at rest j0j3(wj)i by the boost
(rotation-free Lorentz transformation) U(L(p^)) whose parameters are the 4-velocities p^µ. The generators of the Lorentz
transformations are the interaction-incorporating observables
P0 = H, Pm, Jµν , (26)
i.e., the exact generators of the Poincare group ( [2] sec. 3.3). These vectors jp^j3(sj)i in (23), or j0j3(wj)i in (24)
when boosted by U(L(p^)) or precisely U(L(p^)), span the unitary representation space of the Poincare group (15) with
the \exact generators" (26). We will be use these Dirac-Lippmann-Schwinger kets to dene the relativistic Gamow
kets by analytic continuation.
IV. RELATIVISTIC GAMOW KETS
The relativistic Gamow kets are dened from the Dirac-Lippmann-Schwinger kets (24) or (23) by contour integrals
around the poles of the j-th partial S-matrix element. Starting with the S-matrix element








one deforms the contour of integration over s from the physical values (m1 +m2)2  s <1 on the upper rim of the
cut along the s-axis, into the second sheet past the pole at sR. For the integration around the pole sR the integral (27)
splits of a pole term which denes the Gamow vector jp^j3sRj−i. This is done in exactly the same way as in the
non-relativistic case [5] and leads to the relativistic analogue of (10) :









s− sR for all ψ
− 2 + . (28)
For this analytic continuation to be possible the RHS formulation of quantum theory makes a new hypothesis :
The set of prepared in-states fφ+g and the set of detected out-states (decay products) fψ−g form two dierent dense
subspaces of the Hilbert space H, cf. (15) and therewith two distinct RHS’s
−  H  − for prepared in-states φ+ (29a)
+  H  + for detected out-states (observables) ψ− . (29b)
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where − (+) is of the Hardy class type in the lower (upper) half plane. This means h−p^j3sjjψ−i (h+p^j3sjjφ+i)
are well behaved Hardy class functions of the variable s in the upper (lower) half plane second sheet. This new
hypothesis, which distinguishes meticulously between states (accelerator) and observables (detector) was justied in
the non-relativistic case by some causality arguments [16]. All our new results can be derived from this new Hardy
class hypothesis which is dierent from the conventional assumptions of scattering theory fφ+g = fψ−g(= H).
The rst equality in (28) is the denition that associates ψG to the pole term in the second sheet, and the second
equality is a consequence of the Hardy class property [17]. As a consequence the wave function hp^j3sj−jψGi of the
Gamow ket is a Breit-Wigner function of s that extends over all physical values of s and the non-physical values of s
on the second sheet to −1.
The Lorentz transformations  are represented by unitary operators Uy() in H. This means its conjugate operator(Uy() (usually denoted as \U()") acts in the space + in the standard way :
hUy()ψ−jp^j3, sRj−i = hψ−j
(Uy() jp^j3, sRj−i = Pj′3hψ−jΛp^j03, sRj−iDjj′3j3 (R(, p^)) (30)
for all ψ− 2 +  H , all  2 SO(3, 1) ,
where R(, p^) = L−1(p^)L(p^) is the Wigner rotation. The Uy() in (30) is the restriction of the unitary Uy() to
the dense subspace +, which remains invariant under the action of U() for all  2 SO(3, 1). For the rotation free
Lorentz boost one obtains in particular(Uy(L(p^)) jp^ = 0, j3, sRj−i = jp^j3, sRj−i , (31)
where the boost Lµν is a function of the real parameters p^
µ and not of the complex pµ:
Lµν =















1CA = p^. (32)
Thus in these representations the velocities p^µ are real and the momenta pµ = mp^µ become complex only through
the complex factor m =
p
sR. It is this property that leads to the semigroup representations.
The relativistic Gamow kets (28) are generalized eigenvectors of the invariant mass squared operator M2 = PµPµ
with eigenvalue sR as can be seen immediately by using in (28) M2ψ− 2 + in place of ψ−




s− sR = sRhψ
−jp^j3, sRj−i for every ψ− 2 +  H  +. (33)
To prove (33) one needs to use the properties of the Hardy class space [17]. Similarly one shows that the jp^j3, sRj−i
are generalized eigenvectors of the momentum operators of (26) [17]










sRp^µhψ−jp^j3, sRj−i . (34)
Thus the generalized momentum eigenvalues are \minimally complex" pµ =
p
sRp^µ.
The continuous linear combinations of the 4-velocity kets (23) with an arbitrary 4-velocity distribution function








also represent relativistic Gamow states with the complex mass sR = (MR − iΓR/2)2.
In contrast to the action of the Lorentz subgroup (30), the translation subgroup Uy(x,1) = eiP µxµ does not leave
the subspace + of H invariant. However there is a semigroup of time-like translations (x+,1) into the forward
light cone with p^µxµ = (1 + p^2)1/2x0 − p^.x  0 whose (restrictions to + of) Uy(x+,1) leave the subspace +
invariant. The f(x+,)gj 2 SO(3, 1), xµwith
(
(1 + p^2)1/2x0 − p^.x^  0 , p^ 2 R3g = P+ form a semigroup and
their representatives Uy(x+,1) are continuous operators on +, Uy(x+,)+ ! +. For the other (x,) 2 P this is
not fullled, cf. the analogy to the non-relativistic case [5].
For the particular case p^ = 0, x0 = t  0 we obtain the time translation into the forward direction generated by
the energy operator H = P0
6
hψ−je−iH×tjp^ = 0, j3, sRj−i = e−i
p
sRthψ−jp^ = 0, j3, sRj−i = e−iMRte−ΓRt/2hψ−jp^ = 0, j3, sRj−i (36)
for all ψ− 2 + and for t  0 only ,
where t is time in the rest system.
Thus relativistic Gamow states are representations of P+ with spin j and complex mass sR = (MR − iΓR/2)2 
m2ρ − imρΓρ, for which the Lorentz subgroup is unitarily represented. They are obtained from the resonance pole of
the relativistic partial S-matrix Sj(s), and thus lead to a representation of the j-th partial scattering amplitude
aj(s) = aBWj (s) +B(s) , (37a)
where aBWj (s) is a relativistic Breit-Wigner amplitude given by
aBWj (s) =
Γ
s− (MR − iΓR2 )2
, −1II < s < +1II , (37b)
and B(s) is a background term not associated to the resonance pole at sR. The background is slowly varying in




of jaBWj (s)j2, unless there is another resonance in the same
partial wave at a nearby sR2 in which case the resonance at sR2 has to be treated in the same way and leads to
B(s) ! aBW2j (s) +B0(s).
V. SUMMARY
The Gamow vector obeys an exact exponential decay law with a lifetime τR given precisely by τR = ~/ΓR, according
to (36), and not by ~/Γρ or any other Γ. The separation (37a) of an exact Breit-Wigner (37b) and the isolation of
an exactly exponential decaying Gamow state ψG associated to each Breit-Wigner of each S-matrix pole is achieved
by the hypothesis (29) of the Hardy class spaces. Only for the Gamow ket (28) can one prove (36) which leads to
the exact exponential decay law for the decay rate [18] and therewith to the precise relation τR = ~/ΓR. Without
the postulate (29) this cannot be derived, though it has always been assumed on the basis of some \approximate"
derivations [19]. The Gamow vector also helps to decide the debate about the right denition of the Z-boson mass and
width [20]. According to (36) it is probably MR and certainly ΓR (if one wants τR = ~/ΓR to hold) which should be















of the on-mass-shell denition.
The above are all features which one may welcome or easily accept for states that are to describe relativistic
resonances. In addition, Gamow vectors have a semigroup time evolution t  0 (36), expressing irreversibility on the
microphysical level. This may be puzzling and disturbing to many, but a fundamental time asymmetry of quantum
physics has been noticed independently and in more general contexts [21,22]. The Gamow kets can represent the
\causal links" between two events [22] and for microphysical \states" representing causal links a semigroup time
evolution is quite natural.
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